The closed form of the complete far-field asymptotic series is provided for the scalar and electromagnetic monochromatic fields in free space whose angular spectrum is smooth over the sphere of directions. The first few terms of this series are also shown to give corrections to the Fraunhofer diffraction formula. The application of this series is illustrated with two examples corresponding to a highly focused radially polarized field and to the scalar diffraction from a circular aperture. Optical Society of America OCIS codes: 350.5500, 260.1960 A scalar monochromatic field in free space with no evanescent components, say U͑r͒, can be expressed as a sum of plane waves in the form
A scalar monochromatic field in free space with no evanescent components, say U͑r͒, can be expressed as a sum of plane waves in the form where the integration is over the unit vector û , A is the so-called angular spectrum, and k is the wavenumber. This type of plane-wave superposition was used by Debye, 3, 4 as an approximate formula for calculating focused fields, under the assumption that the distance between the exit pupil and the focus is large compared with the wavelength. In that case, however, the integral extends only over the solid angle subtended by the exit pupil from the focal point. Several studies have been devoted to the asymptotic evaluation of Debye integrals by using stationary phase and steepest descent techniques. [5] [6] [7] These studies show that contributions due to the edge of the region of integration are important, especially along the axis for rotationally symmetric fields.
For fields [8] [9] [10] [11] where the integral in Eq. (1) extends over the complete unit sphere of directions and A is a smooth function of û , there are no edge contributions. Therefore the asymptotic expansion includes only contributions due to the neighborhoods of the two opposite points over the sphere at which û is parallel to r, where the exponential in the integrand in stationary under variations of the integration variables. These are the so-called stationary points of the first kind. 12 The result is then simply given by what is known as the Jones's lemma 13, 14 :
where r = ͉r͉ and r = r / r. Note that for fields including only forward-propagating components, the second term in Eq. (2) equals zero (for z Ͼ 0), and the resulting estimate coincides with the well-known Fraunhofer approximation.
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Our aim in the present Letter is to find the complete asymptotic series for the integral in Eq. (1) in cases where the angular spectrum is a smooth function. This series should be of the form
where the functions A n ± ͑û ͒ are combinations of angular derivatives of A͑û ͒. The leading contribution of this series is given in Eq. (2) . Instead of using the higher-order corrections of the method of stationary phase to find this series, we use a recursive scheme for solving the Helmholtz equation, whose starting point is the far-field solution in Eq. (2) . We find that all correction terms of the series can be evaluated through simple closed-form expressions involving the angular part of the Laplacian operator.
Any field defined by the integral in Eq. (1) satisfies the Helmholtz equation that, when written in spherical coordinates, becomes
where ٌ ⍀ 2 denotes the angular part of the Laplacian operator defined as
The substitution of the ansatz in Eq. (3) into Eq. (4) leads to a recurrence relation for the functions A n ± ͑û ͒. By taking into account that
the different powers of r in Eq. (4) can be set to zero independently, leading to
where, from Eq. (2), A 0 ± ͑û ͒ = A͑û ͒. Therefore, upon recursion, we get
Equation (8) gives the desired explicit analytical form of all the terms in the asymptotic expansion. For simplicity, this derivation was performed within the scalar framework. However, it clearly also applies to vector fields of the form
where, for electric fields in free space, the vector angular spectrum satisfies the transversality condition û · A͑û ͒ = 0. The reason for the validity of the results in the vector case is that each Cartesian component in Eq. (9) has the form in Eq. (1). As a first example, consider a vector angular spectrum corresponding to a nonparaxial axissymmetrical field with radial polarization (i.e., where the electric field oscillates within meridional planes). Fields of this type have received much attention recently, [16] [17] [18] owing to their focal properties and because their on-axis electric vector is aligned with the axis. A simple analytical model for a field of this type is described by the following angular spectrum:
where E 0 is a constant amplitude factor and q is a free parameter. For q = 0, this spectrum corresponds to an electric dipole field in the z direction, while for growing q, the field becomes increasingly directional around the z axis. Since q is assumed to be real and positive, the focal point of this field is displaced along the imaginary z direction by a distance q. 10, 19 The resulting electric field can be expressed as
where R = ͱx 2 + y 2 + ͑z − iq͒ 2 . Since Eq. (11) gives a closed-form solution to the field, this example allows us to evaluate the accuracy of the far-field approximations resulting from truncating the series in Eq. (3). To this aim, let us define the rms error at a radius r of the Nth-order approximation, say N ͑r͒, as
where
͑13͒
This error is plotted in Fig. 1 as a function of kr for N =0,1,2,3 for the field corresponding to kq =1. As expected, these errors decay as ͑kr͒ −͑N+1͒ . Note that, even at kr Ϸ 3, the rms error is reduced from 100% to ϳ10% by using three correction terms.
In the above derivation, it is assumed that all derivatives of the angular spectrum are continuous. It is important, however, to know how a discontinuity in a derivative of the angular spectrum along a given contour over the unit sphere would affect these results. Such a discontinuity would give rise to the socalled contributions of the second kind within the context of the method of stationary phase. 12 It can be shown that, for an angular spectrum with a discontinuity in the nth derivative along a contour over the unit sphere, these contributions are of order ͑kr͒ −n−3/2 in most directions, but they are of order ͑kr͒ −n−1 for directions either near the discontinuity contour or at points where the contributions from all (or at least from a significant segment of) the contour add constructively (e.g., along the axis of symmetry for a rotationally symmetric field). Therefore, for fields where the angular spectrum has a discontinuity in its nth derivative, only the first n + 1 terms of Eq. (3) are expected to be useful (i.e., more significant than the contributions from the discontinuities, not calculated here) in the estimation of the field.
One important case is that of the Fraunhofer diffraction, where there are no backward propagating components, so the angular spectrum is identically zero over the negative u z hemisphere and only the first sum of terms in Eq. (3) contributes to the final result. Furthermore, because over the positive u z hemisphere A corresponds to the Fourier transform of the initial field times the obliquity factor u z , it has a discontinuity in its first derivative along the u x -u y equator. Therefore only the first two contributions of the first sum in Eq. (3) are of equal or greater asymptotic importance than the contributions from the discontinuities. That is, the second term in this sum gives a far-field correction to the Fraunhofer result that improves its accuracy everywhere except near the initial plane and, for rotationally symmetric fields, along the axis. However, the contributions of the second kind are proportional to the Fourier transform of the initial field evaluated at a circle of radius k. For sufficiently large apertures, the initial field's Fourier transform is in general quite small along this circle. Then, subsequent terms from the series can actually further improve the accuracy of the result as we will see in a second example.
Consider a scalar plane wave traveling in the positive z direction traversing a circular aperture of radius a. To within the approximation of the Kirchhof boundary conditions, the angular spectrum can be found to be given over the forward hemisphere by
where J 1 ͑·͒ is the first-order Bessel function of the first kind, and u Ќ is the component of û transverse to the z axis. The far-field estimate of order N is given by
where U FR ͑r͒ = exp͑ikr͒A͑r ͒ / ͑2ikr͒ is the Fraunhofer approximation. Figure 2 shows the relative error N of these estimates, for a =5 and r =50 in terms of the direction of propagation, i.e., N ͑r , ͒ = ͉1−U n ͑r͒ / U͑r͉͒, where the exact solution U is computed through numerical integration. Notice that the relative error of the Fraunhofer estimate reaches 100% in certain directions. These are the directions at which it vanishes, while the field, although small, is different from zero. The addition of the first correction greatly improves the relative accuracy of the estimate, especially at these directions. It is interesting to see that the second and third directions also bring significant improvements in accuracy. For the third correction, the improvements start to be not as significant. 
